Abstract. Two methods for finding the center and radius of a circular starting line of a racetrack in an ancient Greek stadium are presented and compared. The first is a method employed by the archaeologists who surveyed the starting line and the second is a least-squares method leading to a maximum-likelihood circle. We show that the first method yields a circle whose radius is somewhat longer than the radius determined by the least-squares method and propose reasons for this difference. A knowledge of the center and radius of the starting line is useful for determining units of length and angle used by the ancient Greeks, in addition to providing information on how ancient racetracks were laid out.
to erosion and other damage along the edge, and errors in the measuring instruments. Below we discuss two methods for determining the "best" circle that fits the data.
Three-points circle.
The approach taken by the archaeologists who measured the data points is based on the fact that if only three points were measured along the starting line, then by any (reasonable) criterion the best circle would be the exact circle passing through those three points. Consequently, they first determined the exact circles passing through various triplets of the 21 data points. The x-coordinates and y-coordinates of these "triplet" circles were then averaged to determine the xand y-coordinates of the center of a final circle, and the radii of the triplet circles were averaged to compute the radius of the final circle. The triplets were chosen to be all triplets that have at least two other data points between any two of them using the ordering in Table 1 -a criterion that resulted in 680 triplets. The average center of the resulting 680 triplet circles was found to be at (−22.943, 32.506), and their average radius was 56.242 meters. The range of their 680 radii was [27.643, 160.668] and their sample standard deviation was 12.058 meters. The resulting "three-points" circle is plotted in Fig. 4 , together with the centers of the 680 triplet circles.
3. Least-squares circle. We next discuss a method of finding the best circle that fits the 21 data points using a least-squares criterion. This method determines the maximum-likelihood circle assuming that the coordinate errors of the measured data points have identical normal distributions with mean zero. The resulting circle is the one for which the sum of the squared orthogonal distances of the data points to the circle is a minimum [3] , [4] .
In general, let (x i , y i ), i = 1, 2, 3, . . . , n, be the coordinates of n points imperfectly measured along a circle whose center and radius are to be determined. Let (α, β) be the center of an arbitrary circle in the plane and let ρ be its radius. The least-squares error associated with the maximum-likelihood circle is then
We need to find values of α, β, and ρ that minimize F . By setting the derivative of F with respect to ρ equal to zero, we quickly find that
That is, for any given center (α, β) the corresponding optimal radius is the average of the distances of the n data points to that center. By substituting (2) into (1), the problem reduces to minimizing the following function of two variables:
This problem does not appear to have a closed-form solution. Using numerical techniques (the "fmin" function of MatLab [5] , which implements a NelderMead simplex search [6] ), the center of the circle determined by (3) was found to be (−20.940, 33.618), and the corresponding radius determined by (2) was 53.960 meters (Fig. 4) . The 21 data points encompass an arc of 12.134
• with respect to its center. The range of their distances from the center is [53.938, 53.991], and their sample standard deviation is 0.0133 meters.
In Fig. 5 we show the surface determined by (3). This least-squares error surface has a long narrow valley that points toward the center of the arc determined by the 21 data points. The valley reveals the small sensitivity of the location of the center point along a line perpendicular to the arc subtended by the 21 data points. At the center of the least-squares circle (the global minimum of the surface) the value of E is 0.0036, and at the center of the three-points circle, slightly down the valley away from the data points, the value of E is 0.0084. both methods agree as to the location of a line along which the center of a best circle should lie. But the radius of the three-points circle is 2.282 meters longer than that of the least-squares circle-a significant difference if one were searching for physical evidence of the center in the stadium.
To suggest the reason for this difference, let us look at a considerably simpler problem. Suppose we wish to determine the radius R of a circle on which two points A and B lie whose positions we know (Fig. 6) . Let the distance between these two points be 2b. We imperfectly locate the midpoint C of the arc between A and B by measuring the distance c along the perpendicular bisector of the chord AB. Specifically, we take n measurements c 1 , c 2 , . . . , c n of c. Suppose that c is a normal random variable with standard deviation σ whose mean µ is the exact distance to C. A little geometry then shows that the exact radius R of the circle is
Taking the averagec of the n measurements of c as an estimator for µ, we then obtain the following estimate for the radius of the circle:
This procedure is equivalent to finding the least-squares circle that passes through A and B determined by the n data points. The analogue of the three-point method would be to first compute the radii of the n circles through all triplets consisting of the points A and B and one of the n measured points. Then these radii would be averaged to estimate the radius of the final circle. Now, if f (c) is the normal distribution function of the random variable c, then the distribution function g(R) of the radius R of the triplet circle is . These values where chosen so that (1) the radius of the exact circle is 53.960 meters, the same as the least-squares radius of the starting-line circle; (2) the points A and B subtend an arc of 6
• , about half of the 12.134
• arc subtended by the original 21 data points; and (3) the standard deviation σ is equal to the sample standard deviation of the distances of the 21 data points to the least-squares center of the starting-line circle. The mean of g(R) using these values is 55.910 meters (computed numerically). This compares favorably with the radius, 56.242 meters, of the three-points circle. The distribution function g(R) in Fig. 7 likewise compares favorably with a histogram of the 680 triplet circles shown in Fig. 8 . In summary, the nature of the sources of the errors in this problem suggests that the measured coordinates of the data points should be regarded as normal random variables. This, in turn, implies that the least-squares circle would best locate the center employed by the ancient surveyors. The three-points method overestimates the true radius because when the errors in the three points used for a triplet cause them to "line up" they yield a circle that can have a significantly larger radius than the true radius. This is evident in the way that the distribution in Fig. 7 and the histogram in Fig. 8 are skewed to the right.
Angles of the starting positions.
As mentioned in the introduction, a primary interest for determining the center of the starting-line circle was to determine the angles subtended by the twelve starting positions of the runners. The measurements of the coordinates of eleven of the front toe grooves are given in Table 2 . The toe groove for position 05 was in too poor a condition to be measured accurately. The last column gives the angles between the starting positions with respect to the least-squares center of the starting-line circle.
The average angle between the twelve starting positions is 1.019
• . Although the range of the angles is rather large, this average angle is sufficiently close to one degree to warrant attention. Among the Greeks, the earliest known use of the degree as a unit of angular measurement is found in the writings of Hypsicles in the second half of the second century B.C. [7] . He adopted the Babylonian practice of dividing the twelve signs of the zodiac into 30 equal parts [8] . The choice of 30 is probably because the sun takes about 30 days to pass through each sign of the zodiac. That is to say, the division of a circle into 360 parts can probably be traced to the fact that there are roughly 360 days in a year. It may be that in laying out the starting positions, the Corinthians used the angle traveled by the sun along the zodiac in one day as the angle allotted each runner. If so, the Corinthian starting line is evidence of an early use of the degree as a unit of angular measurement among the Greeks. 
